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1 Introduction 



The connection between g-deformed Virasoro, and more generally W algebras, and elliptic quantum 
A qtP (sl(N) c ) algebras, was investigated in our recent papers [1-4]. It was shown that g-deformed 
Virasoro and W structures [5-7] were present inside the A qtP (sl(N) c ) elliptic algebra || ||; at the 
quantum level, when a particular relation existed between the central charge c, the elliptic nome p 
and the deformation parameter q: (—pv) NM = q~ c ~ N for some integer M, and at the classical limit, 
obtained when setting an additional relation p = q Nh for some integer h. In this way, one obtained 
directly a set of quantizations of the classical g-deformed Poisson algebras, interestingly distinct from 
the original quantization obtained from explicit g-boson realizations. 

The construction was achieved at the abstract level in that only the abstract algebraic relations 



for A q)P (sl(N) c ), defined by the eight vertex model i?-matrix |T(J, were used to derive the g-deformed 
structures. It was assumed throughout the derivations that the initial formal series relations || were 
in fact extended to the level of analytic relations, thereby leading from one single exchange relation 
for this generating operator functional of the algebras to an infinite ^-labeled set of exchange relations 
for the modes, depending upon the choice of a relevant series expansion in a crown-shaped sector for 
the ratio of spectral parameters in the elliptic structure function. 

In our original approach |3|], the extension of the construction to sl(N) was achieved by defining 
the abstract generators of higher spin simply as shifted ordered products of the spin one generators 
t(z) = Tr \ [ L + (zq c ' 2 ){L~(z))~ l ~\. In this respect, the first derivation cannot be considered as the 
g-deformed version of the Wn algebra construction [11] which takes as generators combinations of 
the current algebra generators from which one then extracts sl(N) scalar objects; the detailed study 
developed in |TT[ allows to appreciate the successes and the difficulties of this approach. The question 
of an universal construction of Wq iP algebras from elliptic algebras thus remained open, although the 
construction || gave rise to perfectly consistent non-trivial algebraic structures, due to the shift in 
the spectral parameters which did no allow to interprete such W 9i p algebras as simply enveloping 
algebras of Vir q (sl(2)). In particular, the classical limit of our algebra W g , p did lead to the original 
classical q-W Poisson algebra, characterizing the quantum structure as a genuine g-deformed Wn 
algebra. 

We address here this question. We shall rely on the algebraic structures derived from the prop- 
erties of the operator %(z) = L + {q^z) (L~(2;)) _1 which was the fundamental object in our previous 
derivation. 

In a first part, we prove that %{z) obeys an exchange relation of the type i?Ti?'*X = R'%R1. 



Originally derived and discussed in 1T3L rj|, these exchange relations then lead us to define new 
surfaces in the (p, q, c) space on which quantum, then classical, q- Virasoro algebras of the same type 
as in |] arise. 

The classical structures are the same as in [0]. The quantum structures by contrast are more 
general, for N > 3, than the original algebras derived in ||, which one recovers as particular cases. 
One cannot however directly derive higher order generators from such an exchange algebra, contrary 
to the simpler case RLL = LLR where a famous twisted trace formula exists |TJ], [T(| to generate 
quantum commuting Hamiltonians. But since the definition of the basic elliptic algebra involves two 



distinct R- matrices as RLL = LLR*, one cannot apply |15| , |16] to it either. 

In a second part, we show how to define a suitable twisted trace formula, involving C(z) = 
L + {q^z) t and the .R-matrix of the algebra A qjP (sl(N) c ), and leading to closed exchange 

algebras of the quantum V\? q , p type, for the generalized relation (—pa)™ = q~ c ~ N where n is any 
integer, not necessarily multiple of N; then to classical q-W Poisson algebras when p = q Nh . 

The quantum and classical algebras W qiP [sl(N)} thus constructed contain in particular the struc- 
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tures obtained in || by using the shifted products. As emphasized, we now have a really universal 
construction of the higher g-deformed currents for these W ? , p algebras. In addition, we have obtained 
the elliptic algebra version of the twisted trace construction, bypassing thereby the difficulty gener- 
ated a priori by the asymmetrical Yang-Baxter relation RLL = LLR* (R* ^ R) defining the elliptic 
algebra. 

2 The elliptic algebra A q , p (sl(N) c ) and the algebras Vir qjP (sl(N)) 

We first recall the most important notations, definitions and results concerning the elliptic algebras 
and their subsequent g-deformed Virasoro and Wat algebras. 



2.1 Definition of the elliptic R- matrix 

We start by defining the i?-matrix of the Zat- vertex model (Z^r is the congruence ring modulo N) 
H HI: 



R(z,q,p) = z 



2/N-2_ 



1 » 


' 1 " 

1 

. 2 . 


(C,r) 




- 1 - 

2 
1 

. 2 . 


(£ + C,r) 



0-1,0-2 ) 



02) 



where the variables z, q,p are related to the £, (, r variables by 



z = e 



q = e^ c , 



p = e 



H-KT 



d are the Jacobi theta functions with rational characteristics (71,72) £ Z/iV x Z/iV: 



1? 



7i 

72 



(£, r ) = E exp (^( m + ^i) 2r + 2 ^( m + 7i) (£ + 72) 



The normalization factor is given by: 

1 (q 2N z- 2 ; p, q^U (q 2 z 2 ;p, q 2N )oo (pz~ 2 ; P, g 2jV )oo (gg^VjP, O 
«(z 2 ) (g 2 ^ 2 ; p, g 2 ^ (g 2 z" 2 ; p, g 2 ^ (p^ 2 ; p, g 2 ^ (pg 2 ^" 2 ; p, q™) 

The functions W( aiiaa ) are defined as follows: 



1 * 


" \ + ai/iV " 
_ | + a 2 /A^ _ 


(C + C/iV,T) 




_ \ + a 2 /iV _ 


(C/iV, r) 



and the matrices J, 



(01,02) 



(2.1) 



(2.2) 



(2.3) 



(2.4) 



(2.5) 



(2.6) 



-'(01,02) y "' 5 

where = u l 5ij, hij = are N x N matrices (the addition of indices being understood modulo 

N) and u = e 2 ^ /N . 

The i?-matrix R is Z^-symmetric: 



KtsiZ = Kid a ' 6 ' c,d,se Z N 



(2.7) 



We introduce the "gauge-transformed" matrix: 

R{z,q,p) = (g* ® g^)R(z,q,p)(g-^ <g> g~%) (2.8) 

It satisfies the following properties: 

- Yang-Baxter equation: 

R 12 (z) R 13 (w) R 23 (w/z) = R 23 (w/z) R 13 (w) R 12 (z) , (2.9) 

- unitarity: 

Ri 2 (z)R 21 (z- 1 ) = 1, (2.10) 

- crossing symmetry: 

R 12 (z) t2 R 21 (q- N z- 1 )^ = l, (2.11) 

- antisymmetry: 

R 12 (-z) =uj(g- 1 ® I) R 12 (z)(g®I), (2.12) 

- quasi-periodicity: 

R 12 (-ph) = {ghg 1 * ® I)" 1 ^i^- 1 )) -1 (#^1 ® I) , (2.13) 

where 

^12 (x) = r N (q l / 2 x~ l ) R 12 (x) , (2.14) 

and 

7* z = z^ 2 q yq > . (2.15) 
Q q 2N(qz 2 ) 

The function r N (z) is periodic with period q N \ r N (q N z) = t n (z) and satisfies Tj^^z" 1 ) = Tj^^z)^ 1 . 

2.2 Definition of A q , p (si(N) c ) 

We now recall the definition of the elliptic quantum algebra A qtP (sl(N) c ) 0, It is an algebra of 
operators Lij(z) = YlmezLij{n) z " w here i,j G Ztv: 



/ Ln(z) ••• Lijv(^) \ 



L(z) 



(2.16) 



V ^tvi(^) ■ • • L NN (z) J 
The g-determinant is given by (s(a) being the signature of the permutation a): 

N 

q-detL(z) = eWn^^" 1 )' ( 2 ' 1? ) 

Aq tP (gl(N) c ) is defined by imposing the following constraints on the L(z) generators: 

R 12 (z/w) L x (z) L 2 (w) = L 2 (w) L x {z) R* 12 (z/w) , (2.18) 

where L\(z) = L(z) <8> I, L 2 (z) = I Cg) L(z) and -Ri 2 ( z ; = Ru(z, q,p* = pq~ 2c ). 
The g-determinant is in the center of ^gj J (fl r ^(iV') c ) and one sets 

A q , p (sl(N) c ) =A qj ,(jgl(N) e )/(<tdetL-q%). (2.19) 
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2.3 Vir qjP (sl(N)) algebras from elliptic algebras 

It is here useful to introduce the following two matrices: 

L + (z) = L(qh) , L~(z) = {g*hg*) L(-ph) (ghg^)' 1 



(2.20) 



which obey coupled exchange relations following from (|2.18 ) and periodicity/unitarity properties of 
the matrices R\ 2 and R{ 2 : 



R 12 (z/w) Lf(z) Lf(w) = Lf(w) Lf(z) R* 12 (z/w) , 
R 12 {qh/w) L+{z) L 2 (w) = L 2 {w) L+{z) R\ 2 {q^z/w) 



(2.21) 



We now recall some of the main results of refs. [1-3]: 



Theorem 1 In the three-dimensional parameter space generated by p, q, c, one defines a two-dimen- 
sional surface Ejv,jVM for any integer M e Z by the set of triplets (p,q,c) connected by the relation 



\NM 



-c-N 



One defines the following operators in A„ p (sl(N) 



t(z) = Ti^L + (q £ 2z)L'(zy 1 ^j = Tr (l+ (qhf L~ (z)) = Tr(£(z)) 



(2.22) 



where L (z) = (L (z) 1 ) t . 

1) On the surface T,n,nm, the operators t(z) realize an exchange algebra with the generators L(w) of 
A g>p {2{N) c ): 

t(z)L(w) = F N (NM,— > )L(w)t(z) (2.23) 

where 



F N (r,x) 



r-l 



Q 



2,, -±) JJ QqlNjx 2 P k )e q 2N(x 2 p k ) 



Q 



-2|r|(l-i) TT Q 1 2N 



Q q 2N(x 2 q 2 p k ) Q q 2N(x 2 q 2 p k ) 



n 



'x~ 2 q 2 p k )e q 2 N[ x^p 



fe= l ®q™{x 2 p k )Q q 2 N (x 2 p k ) 

2) On the surface ^n,nm> t(z) closes a quadratic subalgebra: 



for r > 



for r < 



(2.24) 



w 



where 



t(z)t(w) = y N [ NM, - ) t(w)t(z) 



' e 2 q2N (x 2 p- k ) e q 2 N (x 2 q 2 p k ) e q 2 N (x 2 g' 2 p k ) 
I}, <3> 2 q 2 N (x 2 P h ) e q 2 N (x 2 q 2 p- k ) e q 2 N (x 2 q- 2 p- k ) 



(2.25) 



for r > 



y N (r,x) = < 



If. 1 Q 2 (x 2 p- k ) e q2N (x 2 q 2 p k ) Q q2N (x 2 q- 2 p k ) 
11 ,v . •> /.- \ ( \ , •> •>. /„9-9— m for r<0. 



(2.26) 



k fc=0 9 



Q 2 2N(x 2 p k ) Q q 2N(x 2 q 2 p k )Q q 2N(x 2 q 2 p k ) 



3) In particular, at the critical level c = —N, the operators t(z) lie in the center of A qtP (sl(N) c ) and 
commute with each other. 
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3 The new Vir q ^ p {sl(N)) algebras 

We first prove the main basic result of this section. 

3.1 A generalized quadratic exchange algebra 
Theorem 2 The operators %(z) defined by 

%{z)=L + {q^z) L-(z)- 1 

satisfy the following exchange relation: 

R 12 (z/w) % 1 (z)R 21 (q c w/z) % 2 {w) = % 2 {w) R 12 (q c z/w) %i(z) R 21 (w/z) 



(3.1; 



(3.2) 



Proof: One can derive from eqs. (|2.21 ) further exchange relations between the operators L + and 
L~ [Bfl. One has therefore: 



TiO) R 21 (q c w/z) % 2 {w) 



- Ll(qh) L^)* 1 R 2 i(q c w/z) L+(gf^Lj(w)* a 
= L+{qh) L+(q~*w) RUw/z) L^z)* L 2 (w) t2 
= R u \z/w) L+{q^w) Lf(qh) R* 12 (z/w) R^w/z) L^z)* 1 L^w)** 
= TR u \z/w) L+{q^w) L+(giz) L^(z)^ L 2 {wf> 
= TR u \z/w) L+(qlw) L+(qh) R* 12 (z/w) L 2 {w)^ L^)' 1 ^2 (*/«>) 
= R£{z/w) L+(q%w) L 2 (w) t2 R 12 {q c z/w) L+{q%z) L^)* 1 R 2l {w/z) 

(3.3) 

where T stands for TN(q^w/ z)Tj^(q^z/w) and we used the relations R* 2 (z/w) R^w/z) = T and 
TR£(z/w) = R 2 i{w/z). 



Multiplying the last equality of (|3.3|) by R\ 2 (z/w) on the left, one obtains the desired equation (|3.2|) 



3.2 An alternative construction: new surfaces in Aq, p (sl(N) c ) 

Mixed exchange relations of the type described in Theorem 2 were considered in [[13|, JfJJ. It was then 
shown in |14| that, provided that a c-number matrix exist such that R\ 2 (z/w) jiR 2 i(q c w / z) 72 = 
72 Ri2((fz/w) 71 R 2 i(w/z), one may construct commuting generators defined as Q = tr(j te S) where 
7 is matrix dual to 7. This, together with the properties of quasi-periodicity and unitarity of the 
i?-matrix, leads us to consider the following operator: 



t(z) 



Tr 



a~ n %{z) 



Tr 



l L + {q c/2 z)L-{; 



where nfZ and the matrix a is given by: 



9 1/2 hg 1/2 



(3.4) 



(3.5) 



By analogy with the construction in Theorem 1, we expect that the mechanism of construction 



of directly commuting Hamiltonians in |14| will here turn into a two-step procedure, with a first 
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constraint on p, q, c leading to a closed exchange algebra and a second constraint leading to commuting 
operators and a subsequent Poisson structure. 

Indeed we first establish the exchange properties of ( |3.4|) on the surfaces Ejv jn of the three- 
dimensional space of parameters p, q, c, given by the equation (n 6 Z, n ^ 0): 

(_pi/2)n = q -c-N _ (3. 6 ) 

It is relevant for later purposes to rewrite the operator t(z) as t(z) = Tr C,^ n \z) where C^ n \z) 
is defined by 

£(%) = (a- n L + (q c/2 z)yL-(z) . (3.7) 
We prove the following lemma. 

Lemma 1 On the surfaces £j\r,n; the operators C^ n \z) defined by ( 3.T\) have the following exchange 
properties with the generators L(w) of Aq !P (sl(N) c ): 

£[ n \z) L 2 {w) = F N (n, ™) L 2 (w) (R* 21 (q- C w / z)^ £[ n \z) R* 21 (q- c w/z)^ . (3.8) 

Proof: It is easier to formulate the proof in terms of L + (w). One has: 

C^\z) Lt(w) = Lt(zq c ^ (a7T L^(z) L+(w) . (3.9) 
To exchange t(z) with L + (w), we need the following exchange relations, coming directly from ( |2.21|) : 

(R 21 (q%w/z)*y l L+(w)Li{z) = L^(z)Lt{w) ^(q^w/zfy 1 , (3.10) 

Lf(z)^R 12 (z/w)^Lt(w) = Lt(w)R* 12 (z/w)^Lt(z)^. (3.11) 
Using ( |3.10| ) we have: 

Cf\z)L+{w) = Ltiq^zfHa^Y 1 (ifcifo 5 ™/*)* 1 ) ' L+{w) I', (z) R^q' f w/z)* 

= Lfiq^zY 1 (O* 1 (R^w/zY^y 1 (a?)* 1 L+(w) (af/")* 1 Lj{z) %(g~3 w / ' z) tl . 

(3.12) 

On the other hand, using the crossing-symmetry property we have: 

(a^{R 21 (qiw/z^y\a^ = «T (i? 2 i(<7 f+N w / z)' 1 )* 1 (a?)* 1 

= {a^R^q^w/zY'a^y . (3.13) 
We now apply n times the following relation coming from unitarity and quasi-periodicity: 

R 21 (z-'i-p^y 1 = Txiqh^qh-^R^z- 1 )- 1 ^ 1 ■ (3.14) 



We see here the role of the quasi-periodicity operator in implementing the general power of — p 
in the R matrix, leading to: 



R 21 (V^-pl)") 1 = G N (n, z) a^R^z- 1 )- 1 ^ , (3.15) 



where: 



n-l 



G N (n,z) 



-p 



k=0 



G N (n,z) = [ J v v 1 



fc=i 



zq 2 (—p z 



' N 



-1 A/ i\t 

2; L q2(—p2y 



-1 A/ 

z g 2 (— p 2 ) 



for n > 



for n < . 



(3.16) 



Applying (|3.15| ) to (|3.13|) and using the equation (|3.6|) , we have: 

(aD* 1 (R2i{q^w/z)^y l {a^ =G N l (n,q*{-p?) n z/w) {R 21 (q^w / ' z\ 
Remark that from the definition of r^[x) ( |2.15 ) and the relation (|3.6| ), it follows that: 

G N Y (n,q^(-p^) n x^ = F N (n,q%x) , 



(3.17) 



(3.18) 



where is given by fl2.24|) . 

Inserting (|3.17D ,( j37TS| ) into (|3.12|) , we have: 



ct\z)L+{w)=F N (n iq ^) Lt(q c/2 z)^ (R 21 (q^ w/z)- 1 )' 1 Ltiw^a^L^z^q^w/z)^ . 

(3.19) 

Now we use equation (|3.11 ) to obtain: 



C^\z) Lt(w) = F N (n, Lt(w) {R* 21 {q^w / z^f Lt(q^z^(a^LT(z)R* 1 (q^w/z)^ . 

(3.20) 



We are now able to state the following theorem: 



Theorem 3 On the surfaces £jv,n; the operators t(z) defined by (3^4) satisfy the following exchange 
relations with the generators L[w) of A q , p (sl(N) c ) : 



t(z) L(w) = F N (n, -) L(w) t(z) . 



(3.21) 



Proof: We formulate the proof in terms of L + (w). One has 

t(z) L+(w) = Tn [Lfizq^ {a^ L^{z) L%(w) 
From eq. (|3.20|), one obtains immediately: 



(3.22) 



w 



t(z)L+(w) = F N [n,q2-) L+HTr x 



R^q-^w/zr 1 ) Lf(q c / 2 zY^a^) h L^z)R; i (q^w/z^ 

(3.23) 



Using the very useful property: 

Tn (R 2 iQiR' 21 ) = Tn {q^R^ 



(3.24) 



we get: 

t(z)L+(w) = F N (n,qt™) L+MTh Lf(q c/2 z) tl (a^ n ) tl L^(z)R* 21 (q-^w/z) t (%(<T f w / z)' 1 )' ^ . 

(3.25) 

Now the product of the two i?-matrices in ( |3.25|) vanishes altogether, leaving: 



t{z) L + {w) = F N (n, gi-) L + {w) t{z) . (3.26) 

From definitions ( |2.20| ) Theorem |3| follows then immediately. ■ 
In particular since a N is proportionnal to the identity one recovers the exchange algebras in [[3] 
when n = NM, M E Z. 

A simple corollary of Theorem |3] is the exchange relation between t(z) and t(w). Indeed using 
the relations: 

L~(z) = (L-^yy 1 , L~(w) = aL + (-p^q-^w)a-\ (3.27) 
we derive from ( |3.21| ) the following result: 

Corollary 1 On the surface Ejv, n the operators t(z) defined by (\3.J\ ) satisfy the following algebra: 

t(z) t{w) = y N (n, w/z) t(w) t(z) , (3.28) 
where 3^v is the function defined by j\2.2Q ). 



Remark: For n = —1 equation (|3.28|) reads as: 

t{z) t(w) = t(w) t(z) , (3.29) 

that is, on the surface q~ c ~ N = (— p^) -1 , the operators t(z) commute. However they do not belong 
to the center of A q>p (sl(N) c ), because the exchange factor of (|3.21|) is different from unity. 



As when c = —N this is an occurence of a one-step mechanism where one obtains directly a 
commuting algebra of operators with one single constraint on p, q, c. However, contrary to that 
previous case, where the elliptic algebra and the quantum group shared this feature, this one is 
characteristic of the elliptic algebra structure, involving as it does the elliptic nome p. 

Exchange relations ( |3.28p are to be understood as realizations of Vir qjP (sl(N)) algebras in the 
framework of A qtP (sl(N) c ). This conclusion derives from the following results. 

Theorem 4 On the surface Sjv,n; when p = q Nh with h e Z\{0} ; the function y(n, x) is equal to 1. 
Hence t(z) realizes an Abelian subalgebra in A q)P (sl(N) c ). 

Proof: The theorem [| is easily proved using the periodicity properties of the Q q 2N functions. ■ 
Theorem 5 Setting q Nh = p 1 ^ 13 for any integer h ^ 0, the h-labeled Poisson structure defined by: 

{t(z), t(w)}W = Km i (t(z)t(w) - t(w)t(z)) (3.30) 
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has the following expression: 



where 
fh(x) 



{t(z),t(w)}W = f h (w/z)t(z)t(w) 



(3.31) 



2Nh In q 



,£>0 v 



x 2q2Nl+2 



x 2 q 2m ~ 2 



2x 2 q 2m 

„2 n 2Ni _ x 2g2N£+2 ~ \ _ x 2g2N£-2 



x^q" 



+E 



,n + 1 2 / 2x g 



„2„2JVI+JV 



I — x 2q2Nt+N I _ x 2g2Nl+N+2 I _ x 2g2Ni+N-2 

2x 2 



x 2 q 2 



x 2 q 2 



1 ,n n 

~2 ^ ^2' + J \l-x 2 l-x 2 q 2 l-x 2 q- 2 



(x <-> x 1 ) 



Nhn(n + 1) lng 



2x 2 



£>0 

x 2 q 2 



2x 2 q 2m x 2 q 2Ne+2 x 2 q ™e-2 

x 2g2N£ ~ X — x 2 q 2N£+2 _ 1 — x 2q2Nl-2 



x 2 q 2 



— (X X 



2 \ 1 — x 2 1 — x 2 q 2 1 — x 2 q~ 2 
Here the notation E(m) means the integer part of the number m. 



for h even . 



for h 



odd, 
(3.32) 



Proof: By direct calculation. 



Formula ( |3.32j ) is a trivial generalization of formulas (5.3) of pi provided that the formal substitution 
NM ->nbe done. Therefore the discussion between Theorem 7 and Proposition 5 of is still valid 



and the Poisson bracket in the sector k = corresponding to ( |3.32| ) is given, modulo the substitution 
indicated, by the formula in Proposition 5 of [[3], which for even h yields the algebra Vir q (sl(N)) 
||. Therefore we may conclude that ( |3.28| ) realizes the exchange relations of bona fide quantum 
Vir q>p (sl(N)) algebras. 

When N = 2 the construction does not lead to new g-deformed Virasoro algebras. However 
when N > 3, one obtain new exchange algebraic structures corresponding to the surfaces Ejv jn when 
n 7^ NM, M e Z, and these structures will now be extended to complete g-deformed Wat algebras. 



4 Universal construction of Wq iP algebras 

Extending the construction to higher spin currents for N > 3 compels to use the direct exchange 
relation in Lemma 1 instead of the quadratic intertwined exchange relation in Theorem 2, for which 
no generalizations to higher powers of X exist. 

4.1 Quantum W qjP algebras 

Theorem 6 We define the operators w s (z) (s = 1, . . . , N — 1) by: 

w s (z) = Tr 



n n ^ n u^nw'w 



(4.i; 



v l<i<s i>i 



Ki<s 



j>i 
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where 



^\z)^{a~ n Li{qiz))^LT{ z )^l 



I ®{a- n L + (qh)Y L~(z) ® I ® . . . I (4.2) 



i-l 



S + l 

with n G Z, Z( = zq % ~~~ , and Pij is the permutation operator between the spaces % and j including 
the spectral parameters. 

On the surface £jv in defined by {—p^) n = q~°~ N , the operators w s (z) realize an exchange algebra with 
the generators L(w) of A q ^ p (sl(N) c ): 



w s (z) L(w) = (n, — j L(w) w s (z) , 



z J 



where 



tf>(^)=nM».f)- 

i=l 



(4.3) 



(4.4) 



Proof: For simplicity, we will only prove the theorem for W2(z) and Ws(z) (the proof for W\{z) = t(z) 
has been done in @, [3j, see theorem [j] above). 

The proof is based on the exchange relation (|3.20|) between C^ n \z) and L + (w) on the surface £jv, n 
defined by (— pa) n = q~ c ~ N : 



CT\z)L + a {w)=F N {n,q^) L+ a {w) ( R* ai (q^ w/z)- 1 ) ' C\ n > (z) R^w/zf* . f l.r>) 



Consider the operator w 2 (z). By definition (with z\ = zq 2 and z 2 = zqz): 

w 2 {z) = Tr[p X2 Cf ) {z 1 )RUq- N z 1 /z 2 ) t ^ C { 2 n \z 2 ) 
From the exchange relation (|4.5|) between C^ n \z) and L + (w), one gets immediately: 



(4.6) 



w 2 (z) L+(w) 



Tr 



12 



P 12 C^\z 1 )R\ 2 { q - N z 1 /z 2 ) t ^C^{z 2 



\ht 2 r{n). 



L+(w) 



Rl 2 (q- N Zl /z 2 y^ [K 2 (q^w/z 2 )-') t2 Ct\z 2 )K 2 {q^w/z 2 ) 



(4.7) 



,(2)/ 



where Fir I n, g 2 — ) is given by 



? (2) 

v 



z J 



w \ 



n,q2 — ) = F N [n,q2—) F N [n,q^ — ) . 



w \ 



Z2 



(4.8) 



In order to reorganize the R matrices in (4~7Q, one uses the Yang-Baxter equation for the matrix R* 
(equation (|4.9| ) is a consequence of fl2.9|) , the normalization factor entering in the definition fl2.14j ) of 
the R matrices being the same in the l.h.s. and in the r.h.s. of ( f4.9| )): 

R* al (xi) R* a2 (x 2 ) ^* 2 (x 2 M) = R* l2 (x 2 /xi) R* a2 (x 2 ) #*x(xi) , (4.9) 
from which it follows (with a shift x 2 — > q~ x 2 ) 

KiixiY 1 R\ 2 {q- N x 2 /x l ) t ^ (K 2 {^r l ) t2 = {K 2 {x 2 y l ) t2 RUq^x./x,)^ I&M* 1 ■ (4-10) 
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Therefore, one obtains 

w 2 (z)L+(w) = 4 2) (n,gf^)L+HTr 12 [p 12 (w^w / z^f cP( Zl ) (it^w / z 2 )~ l 



R\ 2 {q- N z,/ z 2 )^ R* al (q^w/ Zl ) 1 Cf\z 2 ) R* a2 (q- £ iw/z 2 )' 
F^(n,q^)L+(w)Tr 12 [p 12 (i^(<T V*!) -1 )* (lt a2 {q^ w / z 2 ) 



-i 



t-2 



Cf\ Zl ) RUq^z./z^ C 2 n> (z 2 ) K 1 (q^w/z i y 1 R* a2 (q^w/z 2 ) 



>*2 



*1 



the last equality being obtained by action of the permutation operator P 12 . 



(4.11) 



One then uses the fact that under a trace over the space /3, for any c-number matrices A a p and 
B a p and operator matrix Q a , one has 



Tr 



Tr 



(4.12) 



Applying (|4.12|) to /3 = 1 ® 2, A a/3 = R a2 R a i and P a/ 3 = R' al R' a2 , one gets 



Wz)P+M = (n, L+H Tr 12 [P 12 ( Zl ) R\ 2 {q~ N z x j z 2 )^ C ( 2 n> (z 2 ) [R* a2 {q~*w / z 2 ) 

R* al (q-zw/ Zl ) (RUq^w/z,)- 1 ) (K^w/z,)- 1 



w 



,(n) . 



\tit 2 A n )t 



t 2 t a 



? (2) 
N 



n, q- 



w 



LZ(w) Tr 



12 



P 12 Cf\ Zl ) R1 2 (q-»z 1 /z 2 y^ Cr{z 2 ) [ R* a2 (q-tw/z 2 ) 



5* I „—N 



ht 2 A n h 



t 2 t a 



KM *w/ Zl ) [R* al (q *w/ Zl ) 



\tlt c 



t 2 t c 



-1 \ t 



,(2) 



W 



Lz(w) Tr 



J 2 



PuC^iz^RUq^z./z^Cr^) 



It follows that 



(4.13) 
(4.14) 



w 2 (z) L+(w) = (n, q-i-j L+(w) w 2 (z) . 

Recalling the fact that L+(w) = L a (q%w), one gets the desired result. 

Consider now the case of w 3 ( Z ). By definition (with z\ = zq -1 , z 2 = z and Z3 = zq): 

w 3 (z) = Tr [P 12 P 13 P 23 C[ n \ zi ) P^T^i/^)' 1 * 3 Cf\ Z2 ) R* 23 {<1~ N ^ z 3 )^ 6 3 n \ Z3 ) 

(4.15) 



From the exchange relation (4J5) between C^ n \ Z ) and L + (w), one gets: 



w 3 (z) L+(w) 



Tr 



123 



C { 2 n \ Z2 )RUq^ Z2 / Z ^Cf\ Z ,) 



Pn Pis P23 ct\zi) RUq- N z 1 / Z2 y^ Ri 3 ( q - N Zl / Z3 y^ 



-N 



t 2 t z A n \ 



L+(w) 



F#>(n )ff f ~) L+(w)Tr 123 [p 12 P 13 P 23 (k^w / Cf\ Zl ) R* al {q^w / Zl f 

R\ 2 {q- N Zl /z 2 y^ %{q- N Zl / Z3 y^ (K 2 {q^w/ Z2 )- l ) t2 Cf\ Z2 ) R* a2 (q^w/z 2 f 



t 3 



RUq- N z 2 / Z3 y^ (Er ea {Q-*v/**rT c ( 3 n \ Z3 )R: 3 (q^w/ Z3 f 



*3 



(4.16) 
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„(3) / 

where \n, q 2 — J is given by: 

(31/ cW\ ( cW\ ( cW\ ( cW\ 

Fg } (n,q2-) =F N f < n,q*—)F N [n,q*-)F N [n,q*—) . (4.17) 



Applying three times the Yang-Baxter equation (|4.10| ), one obtains: 

*1 , ,\*2 



W3 (^)^H = 4 3) (n,gf^)L+HTr 123 [Pi 2 Pi3P 2 3 (^lOT^M)" 1 ) * (^If^M)^ 

(^(g-^As)- 1 ) ta 4 B> («i)^ 2 (<?-%M)* l<9 %(g-%/*.)**4" } te) 
%(g-%/* 3 ) t2t3 4^) K 2 (q^w/z 2 ) t2 R^w/z 3 f . 

(4.18) 

Finally, after action of the permutation operators and using ( |4.12j ) applied to (3 = 1 ® 2 ® 3, the R 



matrices R* ai in (|4.18| ) simplify. It follows that 

w 3 (z) L+ a {w) = 4 3) (n, q^ L + a {w) w 3 (z) . (4.19) 
Again, one gets the desired result since L^(w) = L Q (q%w). 

The proof for a generic operator w s (z) is obtained by using the basic exchange relation ( |4.5| ) between 
£( n \z) and L + {w) and applying \s(s — 1) times the Yang-Baxter equation in the form (|4.10|) . 
Successive uses of this relation yields an expression involving: the group of permutation operators; 
the product of all R matrices appearing at the left of the operator in Lemma 1; the terms of the 
monomial w s (z); finally the product of all R matrices appearing at the right of the operator in 
Lemma 1. Commutation of the permutation operators with the "left" R matrices then brings this 
group of R matrices in position to use the transposition procedure ( |4.12j ), and precisely rearranges the 
indices of these R matrices in the exact way required to cancel the two "left" and "right" groups of 
exchange-generated R matrices once the generalization of the procedure ( |4.12j) is used. Therefore the 
exchange relation becomes an exchange algebra with purely scalar functional structure coefficients. 
■ 

An immediate consequence is therefore the exchange relation between the operators w s (z) and 
the generators C^ n \w): 



w s (z)C^\w) = V - fl C^(w)w s (z) = l[y N (n, -) C^(w)w s (z) . (4.20) 



3 + 1 

2 



where 3^v is the function defined by (|2.26| ) and Zi = zq % 

It is now immediate to derive the exchange algebra among the operators w s (z). One gets the 
following theorem: 

Theorem 7 On the surface £jv,n> the operators w s (z) realize an exchange algebra 



i-l 3-1 
2 2 



w l (z)w J (w)= f[ f[ y N (n,q v - u ^) Wj {w) Wi {z). (4.21 
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The proof is obvious and follows immediately from definition |4.1| and equation (|4.20 ). ■ 
Remarks: 

1) The critical level c = —N can be seen as a limiting case of the relation (—pa)™ = q~ c ~ N by taking 
n = 0, p and q having arbitrary generic values (|g| < 1, \p\ < 1). In this limiting case, it is easy to 
note that the factor Gat(0, x) is equal to 1 (see e.g. Q3.15Q ) and hence F(0, x) = 1. Therefore, at the 
critical level, the operators w s (z) provide a set of commuting quantities belonging to the center of the 
elliptic quantum A qtP (sl(N) c ) algebra. 

2) When one chooses n = NM for MeZ, one recovers the structure functions of the q-V\?N algebras 
constructed in ||. General values of n lead to original structure functions. This time however the 
construction does not go through the two steps of first constructing the trace s(z) and then shift- 
multiply the same derived abstract generator to get the full q-WN algebra: the trace procedure and 
shifted multiplication are applied in one single stroke to the original elliptic algebra generators, hence 
our denomination of this as a "universal" procedure. 



4.2 Classical limit 

Theorem 8 On the surface £jv,ra; when a additional relation p = q Nh with h G Z\{0} is imposed, 
the function y is equal to 1. Hence, the operators w s (z) realize an Abelian subalgebra in A gtP (sl(N) c ). 

Proof: The proof is straightforward by using the explicit expression of the function F s (M,x) and 
the periodicity properties of the Q q 2N functions. ■ 

Remark: Although the w s (z) realize an Abelian algebra, they do not belong to the center of 
Aq tP (sl(N) c ), in contrast to the case of the critical level. 

The theorem || allows us to define Poisson structures on the corresponding Abelian subalgebras. 
As usual, they are obtained as limits of the exchange algebras when p = q Nh with h G Z\{0}. 

Theorem 9 Setting q Nh = p l ~@ for any integer h ^ 0, the h-labeled Poisson structure defined by: 




(4.22) 



has the following expression: 

(i-l)/2 (j-l)/2 

{w t (z), Wj (w)}= E U^-^w^w^w), (4.23) 

w=-(i-l)/2«=-(j-l)/2 

where fh(x) is given by t \3.3Q ). 



One recovers here the same Poisson algebra as in 0, identifying therefore the exchange algebras 
in Theorem 7 as new W Ptq [sl(N)] algebras. The main issue now is to obtain explicit realizations of 
these algebras. Curiously enough the only known (g-boson type) explicit realization achieved in [|5| 
corresponds to a Wn algebra which does not belong to the set constructed here. We hope to adress 
this issue in the next future. 
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